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Abstract
For any non-unitary minimal model with central charge c(2, q) the path spaces associated
to a certain fusion graph are isomorphic to the irreducible Virasoro highest weight modules.
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1. During the recent progress in both conformal field theory [1] and solvable lattice
models in two dimensions [2] it has become clear that there are deep connections between
the two areas, which go far beyond the common conviction that CFT describe universality
classes of critical behaviour of statistical models in the continuum limit. Apart from the
fact that in both branches similar mathematical structures show up, it has in particular
been realized that the Virasoro algebra plays an important role for lattice models even
away from the critical point and the continuum. E.g., in the ABF models [3] and certain
generalizations (see [4] and references therein) it has been found that in the corner transfer
matrix formalism the local height probabilities and 1-dimensional configuration sums can
be expressed in terms of Virasoro (and Kac-Moody) characters. Other generalizations of
RSOS models [5] are believed to yield all the modular invariant partition functions of Vi-
rasoro minimal models given in [6]. All this indicates that there should exist some ”lattice
representations” of the Virasoro algebra, as well as a direct link between Virasoro and
Temperley-Lieb-Jones algebra, which governs exactly solvable lattice models. Unfortu-
nately, except for the Ising model [7], rather little progress has been made in establishing
the explicit connection. The difficulties may partly originate in the rather complicated
energy grading on the path spaces chosen in [3] (see the remarks in section 3) so that it
would be desirable to have different (more natural) path representations of the Virasoro
algebra as well.
In this letter we will show that, for the simple class of non-unitary Virasoro minimal models
with central charge
c(2, q) = −
(3q − 4)(q − 3)
q
, (1)
q ≥ 5 odd, the (degenerate) irreducible highest weight modules can be realized as spaces
of paths on a finite graph in a way alternative to the one in [3], in particular without
any ”ground state problems” (see below). The surprising fact is that the relevant graph
occurs as fusion graph of a distinguished primary field in the c(2, q) minimal model under
investigation.
In the next section this statement will be made precise, and proved, whereas section 3
contains some further comments.
2. Starting point of our considerations are the results of Feigin et al. [8], who gave explicit
bases of the (degenerate) irreducible highest weight modules Lj of the c(2, q) models (see
also [9] ). These have highest weights
hj =
−j(q − 2− j)
2q
, j = 0, 1, . . . , K (2)
with q = 2K + 3. Studying the (coarse) structure of the null fields of the models, and
by means of some combinatorial arguments, Feigin et al. could show that a basis of Lj is
formed by those elements
Lm1Lm2 · · ·Lmn |hj〉 (3)
with m1 ≥ m2 ≥ . . . ≥ mn ≥ 1 which furthermore obey the so-called ”difference two
condition”
mi −mi+K ≥ 2 (4)
for 1 ≤ i ≤ n−K, as well as the ”initial condition”
#{mi = 1} ≤ j , (5)
i.e. at most the last j of the mi equal 1. As in [8], we denote the set of all finite tupels
(m1, . . . , mn) of positive integers satisfying (4,5) by C
K,j.
In the following we will show that the basis (3-5) of the irreducible Virasoro modules
occuring in the c(2, q) models can be realized as paths on the (suitably labeled) fusion
graph belonging to φK , the primary field with the lowest conformal dimension showing up
in (2).
The fusion graph Gi of a primary field φi is the graph whose connectivity matrix is given
by the fusion matrix Ni, i.e. it contains one node for each primary field in the QFT (K+1
in our cases) and (Ni)
k
j edges (here: unoriented) between the nodes j and k, where
φi × φj =
∑
k
Nkij φk (6)
are the fusion rules. (In particular, in any fusion graph Gi there is one node – representing
the identity field – joined to exactly one further node – representing φi – by one edge.)
Figure 1 shows some of the fusion graphs relevant for us.
To each graph G we may construct Hilbert spaces P(G, i) with basis vectors given by
paths on G starting at node i (running from node to node along the edges). Suppose G is
”simply laced” (at most one edge between two nodes) and that the nodes j carry pairwise
distinct integer labels l(j) ∈ {0, 1, . . . , N} . Then each path can equivalently be written as
a sequence (ai)i≥0, ai ∈ {0, 1, . . . , N} , and furthermore a sequence which finally stabilizes
at ai = 0 for i >> 1 uniquely represents an element of the Virasoro Verma module with
highest weight |h(a0)〉 by virtue of
(a0, a1, . . . , aM) 7→ L
aM
M . . . L
a1
1 |h(a0)〉 . (7)
(we have suppressed the zeroes at the end of the sequence). This suggests to introduce an
energy grading or L0-action on P(G, i) according to
L0(a0, a1, . . . , aM) =
(
h(a0) +
M∑
i=0
iai
)
(a0, a1, . . . , aM) , (8)
where h(a0) is a constant depending on the starting condition on the paths in P(G, i),
which is fixed by choosing a0.
On the other hand, equation (7) of course also allows for expressing the basis elements
labeled by tupels in CK,j from above in terms of ”stabilizing” sequences (ai)i≥0. It is easy
to verify that the ”difference two condition” worked out in [8] translates into
ai + ai+1 ≤ K for all i ≥ 0 , (4
′)
implying in particular ai ∈ {0, 1, . . . , K} , whereas the ”initial condition” simply reads
a1 ≤ j . (5
′)
From all this we conclude that the basis (3-5) of the c(2, q) irreducible representations can
indeed be realized in terms of paths on a labeled graph, provided the latter encodes the
conditions (4’) and (5’) properly: The graph has to have K + 1 vertices carrying integer
labels from 0 to K, and due to (4’) two (not necessarily distinct) nodes are joined by an
edge iff their labels sum up to at most K. Condition (5’) then just requires restriction to
paths starting at the node labeled a0 = K − j. Stated differently, the graph should have
the (K + 1)× (K + 1) connectivity matrix
σK =


1 · · · 1 1
1 · · · 1 1 0
1 · · · 1 0 0
... .1 .
. ...
1 0 · · · 0


(9)
if the rows and columns are ordered by the label. Note, by the way, that this labeling is
quite a natural one: l(j) = total number of nodes − number of edges leaving node j.
Thus we have already derived the first part of
Proposition: Fix q = 2K + 3, and let GK be the fusion graph of the field φK in the
c(2, q) minimal model. For j = 0, 1, . . . , K , label the nodes j (i.e. the primary fields
φj) by l(j) = K − j. Then there is a (L0-grade preserving) bijection between the
irreducible highest weight modules Li and the space P(GK , i) of paths on the labeled graph
starting at node i (at label K − i).
It remains to identify the connectivity matrix σK in (9) with the fusion matrix NK of the
field φK (up to reordering the rows and columns). This can be done in a straightforward
way using the fusion rules of the c(2, q) minimal models [1]
φ(r,1) × φ(s,1) =
min{r+s−1,2q−1−r−s}∑
t=|r−s|+1
φ(t,1) (10)
for 1 ≤ r, s ≤ q − 1, r, s, t odd. Note that the indices j of the irreducible highest weight
modules in (2) are related to the more familiar conformal grid notation in (10) by
j = min{r − 1, q − r − 1} . (11)
However, the need to distinguish different subcases arising from the min in (10) makes
the procedure somewhat lengthy. Therefore, we would rather take advantage of some
results on so-called polynomial fusion rule algebras established in [10]; these are fusion
rings possessing a field φ such that all other generators are given by polynomials in φ:
φi = pi(φ). The c(2, q) models, in particular, are of this type, and taking φ = φ1 (i.e.
φ(q−2,1) in the usual notation), the pi are the Cˇebyshev polynomials of the second kind
[10]:
p0(x) = 1 , p1(x) = x ,
pi(x) = xpi−1(x)− pi−2(x) for 2 ≤ i ≤ K ,
(12)
The fusion rules of φ1 read
φ1 × φ0 = φ1 , φ1 × φK = φK−1 + φK ,
φ1 × φi = φi−1 + φi+1 for i = 1, . . . , K − 1 .
(13)
In the fusion graph G1 = Aq−1/ZZ2 (see fig. 2) node j (counting starts at the free end)
represents φj , j = 0, . . . , K . For later convenience, we would like to order the nodes
according to their label l(j) = K − j so that the connectivity matrix is
N ′1 =


1 1 0 0 · · ·
1 0 1 0
. . .
0 1 0 1
. . .
0 0 1 0
. . .
...
. . .
. . .
. . .
. . .


. (14)
In the same ordering (indicated by ′ ) the fusion matrices of the other fields are N ′i =
pi(N
′
1) . Summarizing, the proposition is proved if the following lemma holds true:
Lemma: σK = pK(N
′
1) .
It is well known thatN ′1 has non-degenerate eigenvalues τ
(m) = 2cos(mpi
q
), 1 ≤ m ≤ q−1 , m
odd, with eigenvectors x(m)
x(m) =


pK(τ
(m))
pK−1(τ
(m))
...
p0(τ
(m))

 (15)
Note that pK+1(τ
(m)) = pK(τ
(m)) . The r’th component of σKx
(m) is given by
K+1−r∑
l=0
pK−l(τ
(m)) .
We claim that
s∑
l=0
pK−l(τ
(m)) = pK(τ
(m))ps(τ
(m)) (16)
for s = 0, . . . , K , which implies σKx
(m) = pK(τ
(m))x(m) for all m, and shows the lemma.
(16) is proved by induction: Clearly it holds for s = 0, 1. Assume it to be true up to s.
Then we have ps+1pK = p1pspK − ps−1pK , and
p1(τ
(m))pK(τ
(m))ps(τ
(m)) =
s∑
l=0
pK+1−l(τ
(m)) +
s∑
l=0
pK−1−l(τ
(m))
=
s−1∑
l=0
pK−l(τ
(m)) + pK+1(τ
(m)) +
s+1∑
l=1
pK−l(τ
(m)) .
Applying the hypothesis for s− 1 to the first sum in the last line, and using pK+1(τ
(m)) =
pK(τ
(m)), one obtains the statement for s+ 1.
3. In conclusion, the Virasoro minimal models with central charge c(2, q) have the nice
property that their fusion rules not only encode the modular transformation properties of
the irreducible characters (via Verlinde’s formula), but also the whole character itself, up
to a factor involving the central charge. Put differently: here not only the singular vectors
determine the fusion rules [1], but also the reverse is true. Of course, though we do not have
any good explanation for this effect, it would be desirable to have this feature in greater
generality, but an easy extension of the results in the previous section seems not to be at
hand. In a sense, however, the special models considered above are ”basic”, because for
each minimal model with c(p′, q′) there is a c(2, q) model (with q = (p′−1)(q′−1)+1 , i.e.
the same number of primary fields) such that the irreducible representations of the former
are embedded into those of the latter realized as path spaces as above (not surjectively,
however). This can be shown in the same manner as in [8]; note that only the conformal
dimension of the nullfield generating the ”annihiliting ideal” [8] has to be used, so perhaps
a more thorough study of the the structure of the relevant normal-ordered products (see
[11] for a precise definition) could provide the missing information in order to construct
graphs providing a basis (not only a spanning system) of the Virasoro representations in
question.
The role of hmin in this context can be understood as follows: hmin is the minimal di-
mension not only of those in the conformal grid of the c(2, q) theory, but amongst all the
dimensions occuring in minimal models c(p′, q′) sharing the same number of primary fields.
The asymptotic behaviour of Virasoro characters suggests to regard the module Lmin as
the ”largest” occuring in a theory. From this point of view, it is not so surprising that – if
any fusion graph – the one of the minimal dimension field provides the suitable path space
to realize the irreducible representations associated to a given model.
We also have to comment shortly on the relation between the Virasoro path realization
obtained here and those in [3, 4]. The ABF and FB models not only exhibit (multi-)critical
points corresponding to the conformal models of the minimal series (in particular, of the
c(2, q) models), but also allow for an identification of the Virasoro highest weight modules
of the latter with path spaces occuring naturally in the lattice models (see also [12]).
There, the relevant graphs are (unlabeled) Aq−1 Dynkin diagrams, but the price to be
paid for this simplification consists in the definition of the energy contribution of the paths
(i.e. of the L0-operator), which is considerably more involved. E.g., the module a certain
paths belongs to cannot be determined just from the starting node, but also depends on
its infinite ”oscillating tail” (the specific ground state). For the case of c(2, q) the situation
simplifies, as their is only one allowed ground state [3, 12], but except for c(2, 5) this path
representation is still very different from the one obtained here.
Nevertheless, the path algebras [13, 14] A(Aq−1) and A(GK) associated to the graphs are
indeed isomorphic. This is not obvious from their Bratteli diagrams [14], but can be
seen fairly easily from K-theoretic arguments: With a suitable numeration of the nodes
we have A(Aq−1, i) = A(G1, i) , on the other hand G1 and GK share the same Perron-
Frobenius eigenvector x(1), see (15); but this implies that the (scaled) ordered K0-groups
[15] coincide: For s = 1, K we have K0(A(Gs, i)) ∼= ZZ
K+1 with positive cone
K0(A(Gs, i))+ ∼= {z ∈ ZZ
K+1|〈z, x(1)〉 > 0 or z = 0}
and order unit ei, the i th standard basis vector. Finally, recall that the scaled ordered
K0-group is a complete isomorphism invariant for AF algebras [15].
This fact suggests that there is indeed a connection between the two path realizations, so
maybe it would be amusing to define an RSOS model based on the fusion graphs considered
here and to see if it can be mapped to the corresponding FB model.
The last paragraph leads us to another reason why we think path realizations of Virasoro
highest weight modules are important: Their existence implies the possibility of an AF al-
gebra representation of the Virasoro algebra itself. Having established a grading-preserving
isomorphism between the Lj of some model and path spaces on a graph, one may conclude
that in principle there is a path algebra representation of the Virasoro algebra (with given
c) itself, at least in the sense that the Virasoro generators can be expressed as limits (in-
finite sums) of elements in this AF algebra – which is generated by Temperley-Lieb-Jones
(TLJ) projections and possibly some finite dimensionsal matrix algebra. Although find-
ing the explicit relation between Virasoro algebra and TLJ generators [16] is still a very
difficult task, its mere existence already has important implications, possibly up to new
approaches to a classification of CFT using the framework of Algebraic QFT [17] together
with invariants of C∗-algebras, see [18] for first attempts in this direction.
We would like to thank W. Nahm, W. Eholzer, M. Roesgen and R. Varnhagen for various
discussions on related subjects.
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Figure captions
Figure 1: Fusion graph of the hmin primary field in the c(2, 5), c(2, 7), and c(2, 9) minimal
model. The labels are as in the proposition.
Figure 2: Fusion graph of the ”generating field” φ(q−2,1) for c(2, q), q = 2K + 3 ; labeling as
above.
